In this paper, the authors define the generalized α-difference operator ∆ α( ) for positive real and obtain formulae on the sums of products of k m , k (m) and powers of α using inverse operator ∆
Introduction
The basic theory of difference equations is based on the operator ∆ defined as ∆u(k) = u(k + 1) − u(k), k ∈ N = {0, 1, 2, 3, · · · }. Eventhough many authors [1] [2] [3] have suggested the definition of ∆ as ∆u(k) = u(k + ) − u(k), k ∈ R, ∈ R − {0},
no significant progress has taken place on this line. But recently, E. Thandapani, M. M. S. Manuel, G. B. A. Xavier [4] considered the definition of ∆ as given in (1) and developed the theory of difference equations in a different direction. For convenience, the operator ∆ defined by (1) is labelled as ∆ and by defining its inverse ∆ −1 , many interesting results and applications in number theory (see [4] [5] [6] ) were obtained. By extending the study related to the sequences of complex numbers and to be real, some new qualitative properties of the solutions like rotatory, expanding, shrinking, spiral and weblike were obtained for difference equations involving ∆ . The results obtained using ∆ can be found in [4] [5] [6] . Jerzy Popenda and B. Szmanda [7, 8] defined ∆ as
and based on this definition they studied the qualitative properties of a particular difference equation and no one else has handled this operator. In this paper, we have generalized the definition of ∆ α given in (2) and defined and denoted it as
where α > 1 and ∈ [0, ∞).
In this paper, we discuss results and applications on finite and infinite series involving k m , k (m) and powers of α using ∆ −1 α( ) which is not established in the literature earlier.
Throughout this paper, we make use of the following assumptions:
(i) m is a positive integer and is a positive real, (ii) [X] denotes the integer part of X, (iii) n i = n! (n − i)!i! where 0! = 1, n! = 1.2.3...n, (iv) C is the set of all complex numbers, Z is the set of all integers, (v) N = {0, 1, 2, 3, . . . }, N(a) = {a, a + 1, a + 2, . . . }, (vi) N (j) = {j, j + , j + 2 , . . . }, (vii) s = −1, for k ∈ N ( ) 0, otherwise.
Preliminaries
In this section, we present some basic definitions and some results on generalized α-difference operator and polynomial factorials, which will be useful for subsequent discussion.
When α = 1, the generalized α-difference operator ∆ α( ) becomes the generalized difference operator ∆ . When α = 1 and = 1, then it is the usual difference operator ∆. In general
Definition 2.2 [4]
Let n be a positive integer and ∈ (0, ∞). Then the generalized positive polynomial factorial for k is defined as
Definition 2.3 [9] The inverse of the Generalized α-difference operator denoted by ∆
where c j is a constant for all k ∈ N (j),
Remark 2.4 [10] For n ∈ N (1), if s n i and S n i are the striling numbers of the first and second kinds respectively, then
3. Finite Series
In this section, we present some significant results, and applications on finite sums of k m and k (m) and powers of α using the inverse of ∆ α( ) . Suitable examples are given to illustrate our main results.
The following are easy to prove using the Definition 2.3.
(a) Let {u(k)}, k ∈ [0, ∞) be a real or complex valued function. Then,
where s is as mentioned in (vii).
The following theorem is the formula for finding the sum of the descending arithmetic geometric progression.
where
Proof Since ∆ α( ) k = k(1 − α) + and ∆ α( ) is linear, from Definition 2.3, we find
which yields from (9),
Now the proof follows by taking u(k) = k in (a).
The following example illustrates Theorem 3.1. Solution. Taking = 2 and α = 0.5 in (10) . We obtain
When k = 100, we obtain the required series The following theorem is the formula to find the value of the second powers of an arithmetic geometric progression.
Theorem 3.3 Let k ∈ [ , ∞) and ∈ (0, ∞). Then,
, we obtain (11) and (9), we find
Now the proof follows by (a). Solution. Assuming = 0.2 and α = 0.25 in (13), we obtain The following theorem gives the formula to find the sum of the third powers of an arithmetic geometric progression.
Theorem 3.5 Let k ∈ [ , ∞) and ∈ (0, ∞). Then,
, we obtain
.
, (11) and (9), we find
Now the proof follows by (a).
The following example illustrates Theorem 3.5. Solution. Taking = 0.25 and α = 0.5 in 16 we obtain The following theorem is the formula to find the sum of the m th powers of an arithmetic geometric progression.
In particular when m = 4,
Proof As in the proof of Theorem 3.5, applying Definition 2.3 to the expression of ∆ α( )
Now the proof follows by substituting ∆ The following theorem is the formula for the sum of the second powers of the geometric polynomial factorial.
Theorem 3.9 For k ∈ [ , ∞) and ∈ (0, ∞),
Now the proof follows by taking
The following is the illustration for Theorem 3.9.
Example 3.10 Find the value of the expression (97)
5 + 3(92)
5 + 3 2 (87)
5 .
Solution. Assuming = 5 and α = 3 in (22), we obtain
When k = 102, we get (97)
5 + 3 2 (87) The following theorem is the formula for the sum of the cubes of the geometric polynomial factorial.
Theorem 3.11 For k ∈ [ , ∞) and ∈ (0, ∞),
Proof From Remark 2.4, Definition 2.3 and
The following is the illustration for Theorem 3.11. 
When k = 76 we get (73.5)
2.5 + 11(71)
2.5 + 11 2 (68.5)
2.5 + · · · + 11 28 (3.5) The following theorem is the formula for the sum of the m th powers of the geometric polynomial factorial.
Theorem 3.13 For k ∈ [ , ∞) and ∈ (0, ∞),
Proof From Remark 2.4, Definition 2.3 and the linearity ∆ 
8 .
Solution. Assuming m = 4, = 8 and α = 6 in (26). We obtain
When k = 300, we obtain,
8 + 6(284)
8 + 6 2 (276) 
Infinite Series
In this section, we present some significant results on k m and powers of α using the ∆ −n α( ) . Suitable examples are given to illustrate our main results.
Lemma 4.1 If lim
Proof The proof follows from the relation
and c j = 0 as k → ∞ in Definition 2.3.
Proof Proof follows from Definition 2.3 and by taking u(k) = 1 in (a).
Following theorem is the formula for finding the n th partial sum of a descending arithmetic geometric progression.
and ∆ α( ) is linear, from Definition 2.3,
Now the proof follows by taking u(k) = k in Lemma 4.1.
The following example illustrates Theorem 4.3. Solution. Assuming n = 3, = 2 and α = 5 in (30), we get
When k = 2, we get The following theorem is the formula to find the n th partial sum of a descending arithmetic geometric progression of power 2.
Theorem 4.5 Let k ∈ [0, ∞) and ∈ (0, ∞). Then,
and ∆ α( ) is linear, from Definition 2.3, we obtain
Now the proof follows from Lemma 4.1.
The following is the illustration for Theorem 4.5.
Example 4.6 Find the partial sum of the descending arithmetic geometric progression
Solution. Taking n = 2, = 0.2 and α = 2.5 in (33), we get
When k = 5, we get Following theorem is the formula to find the n th partial sum of a descending geometric arithmetic progression of power 3.
Proof Since
and ∆ α( ) is linear from Definition 2.3, (31) and (29), we find
The following example illustrate Theorem 4.7. 
When k = 3, we get The following theorem is the formula to find the n th partial sum of a descending geometric arithmetic progression of power m.
In particular when m = 4, we obtain
Proof As in the proof of Theorem 4.7, applying Definition 2.3 to the expression of ∆
Now the proof follows by substituting ∆ The following is the illustration for Theorem 4.9. The following theorem is the formula for the partial sums of geometric polynomial factorial of power 2.
Theorem 4.11 For k ∈ [ , ∞) and ∈ (0, ∞),
Now the proof follows by taking u(k) = k (2) in Lemma 4.1.
The following is the illustration for Theorem 4.11.
Example 4.12 Find the second partial sum of geometric polynomial factorial of power 2,
20
(2) 5 
Solution. Taking n = 3, = 5 and α = 3 in (43), we get Following theorem is formula for partial sums of geometric polynomial factorial of power 3.
Theorem 4.13 For k ∈ [ , ∞) and ∈ (0, ∞),
α rn+rn−1+···+r1+n
Now the proof follows by taking u(k) = k (3) in Lemma 4.1.
The following is the illustration for Theorem 4.13.
Example 4.14 Find the second partial sum of the geometric polynomial factorial of power 3, 
Solution. Assuming n = 3, = 2.5 and α = 11 in (45). The following theorem is the formula for partial sums of geometric polynomial factorial of power m. 
α rn+rn−1+···+r1+n = k (4) (1 − α) n − 4 k
(1 − α) n+1 n n − 1 + 12 2 k
(1 − α) n+2 n + 1 n − 1
n + 2 n − 1 + 24 4 (1 − α) n+4 n + 3 n − 1 . 
When k = 40, we get (40) 
